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Motivated by the recently established duality between elasticity of crystals and a fracton tensor
gauge theory, we combine it with boson-vortex duality, to explicitly account for bosonic statistics
of the underlying atoms. We thereby derive a hybrid vector-tensor gauge dual of a supersolid,
which features both crystalline and superfluid order. The gauge dual describes a fracton state of
matter with full dipole mobility endowed by the superfluid order, as governed by “mutual” axion
electrodynamics between the fracton and vortex sectors of the theory, with an associated generalized
Witten effect. Vortex condensation restores U(1) symmetry, confines dipoles to be subdimensional
(recovering the dislocation glide constraint of a commensurate quantum crystal), and drives a phase
transition between two distinct fracton phases. Meanwhile, condensation of elementary fracton
dipoles and charges, respectively, provide a gauge dual description of the super-hexatic and ordinary
superfluid. Consistent with conventional wisdom, in the absence of crystalline order, U(1)-symmetric
phases are prohibited at zero temperature via a mechanism akin to deconfined quantum criticality.
Introduction. Many familiar symmetry-breaking
phases of matter possess a useful dual description in
the language of gauge theory. Perhaps the most well-
known example is boson-vortex duality, which describes
two-dimensional superfluids in terms of a Maxwell gauge
theory.1–3 In this mapping, the vortices and Goldstone
mode of the superfluid correspond to charges and photon
in the Coulomb phase of the gauge theory, respectively.
Meanwhile, a Mott insulating phase of bosons can be
described as the Higgs phase in the dual gauge theory.
More recently, it has been realized that two-
dimensional elasticity theory has a similar relationship
with a rank-two tensor gauge theory hosting fracton
excitations.4 (We refer the reader to a recent review5
and to selected literature6–25 for an overview of frac-
tons.) Phonons map onto the gapless gauge modes, while
disclinations and dislocations map onto fracton charges
and dipoles, respectively. The familiar mobility restric-
tions of lattice defects26–29 are neatly encoded in higher
moment charge conservation laws of the tensor gauge
theory. We note the existence of several related gauge
theory dualities concerning elasticity theory.30–33
While fracton-elasticity duality4 provides a useful de-
scription of a Mott-insulating “commensurate” crystal
(with gapped vacancy/interstitial defects) and offers an
insightful embodiment of fracton phenomena, it is not
immediately clear how such a formulation can capture
a quantum melting transition to non-crystalline phases
of the underlying atoms. Specifically, the tensor-only
gauge theory4 is incomplete as it does not incorporate
the quantum statistics of the constituent particles, which
is essential in a fluid state. The tensor gauge theory thus
cannot account for the off-diagonal order of the underly-
ing bosonic atoms seen in superfluid and supersolid34–37
phases. In fact, the subdimensional nature of dipoles
(absence of dislocation climb38,39) crucially relies on
atom number conservation and the associated U(1) sym-
metry. The deficiency is most striking as one considers
a quantum fluid ground state driven by condensation
FIG. 1: A schematic phase diagram illustrating phases de-
rived from the supersolid (a U(1)-symmetry broken frac-
ton phase, F ). Upon condensation of appropriate defects,
bosons can transition to a commensurate crystal (a U(1)-
symmetric fracton phase, FU(1)), super-hexatic, or superfluid
phase. Note that U(1)-symmetric liquid and hexatic phases
are forbidden at zero temperature.
of topological lattice defects (dislocations and/or discli-
nations). The tensor gauge theory gives no indication
why such a fluid generically must exhibit a broken U(1)
symmetry associated with superfluid order, seemingly
allowing melting into a fully symmetric gapped state.
However, in a continuum (or at incommensurate fillings)
such a“normal”quantum liquid is forbidden by the Lieb-
Schultz-Mattis theorem.40–42 Thus, a complete theory
must encode a mechanism tying together the transla-
tional and U(1) symmetries precluding their simultane-
ous preservation in the quantum ground state.
In this Letter, we address these basic issues by start-
ing with a model of a two-dimensional supersolid (i.e.
an “incommensurate” crystal), characterized by inter-
twined crystalline and off-diagonal U(1) orders, driven
by condensation of vacancy/interstitial defects in the
crystal’s ground state. We perform a duality transfor-
mation on this model to arrive at a hybrid vector-tensor
U(1) fracton gauge theory, combining aspects of both
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2fracton-elasticity and particle-vortex duality. This gauge
dual exhibits “mutual” axion electrodynamics between
the vector and tensor sectors of the theory, along with
an associated generalized Witten effect.43,44 The bro-
ken particle-hole symmetry of the supersolid, restored
only in the commensurate crystal, corresponds to an ef-
fective “time-reversal” symmetry breaking of the gauge
dual, akin to the role of particle-hole symmetry in Son’s
theory of a half-filled Landau level.45–47
The vector-tensor gauge dual of the supersolid de-
scribes a fracton phase in which dipoles are fully mo-
bile, endowed by the broken U(1) symmetry of atom
number conservation. The supersolid then serves as a
“mother” state from which other phases can be obtained
via defect condensation transitions. Vortex condensation
drives a quantum transition from the supersolid to the
commensurate crystal, which restores U(1) symmetry
and confines dipoles to be one-dimensional, correspond-
ing to the familiar dislocation glide-only constraint.38,39
Meanwhile, condensations of fracton dipoles and charges,
respectively, lead to gauge dual descriptions of super-
hexatic and superfluid phases. Because dislocations and
disclinations carry U(1) boson number (as encoded in the
generalized Witten effect, to be discussed below), prolif-
eration of these defects at quantum melting transitions
automatically condenses vacancies/interstitials, leading
to off-diagonal superfluid order in the quantum hexatic
and isotropic liquids. Furthermore, this charge attach-
ment allows a direct transition between the commensu-
rate crystal and super-hexatic phases, characterized by
distinct Landau order parameters. This transition, if di-
rect and continuous, lies outside the Landau-Ginzburg
framework, drawing an intriguing connection with the
physics of deconfined quantum criticality.48,49
Duality Transformation. To faithfully capture the low-
energy degrees of freedom of a supersolid, we represent
the bosonic atom field annihilation operator, ψˆ(x) =
ψˆ0 +
∑
G ψˆGe
iG·x in terms of long wavelength and
reciprocal lattice (G) components ψˆ0 =
√
nˆ0e
iφˆ and
ψˆG =
√
nˆGe
iφˆ+iG·uˆ, respectively. The density operators
nˆ0, nˆG ≡ n0G + G−1 · pˆi and the corresponding canoni-
cally conjugate phases φˆ, G−1 ·uˆ describe the low-energy
(superfluid phase and phonon) excitations of the super-
fluid and crystalline orders, respectively. The associated
Hamiltonian density, consisting of the kinetic and inter-
action components, is given by:
Hˆ = 1
2
ρ−1pˆi2 +
1
2
C˜ijk`uˆij uˆk` +
1
2
K˜(∇φˆ)2 + 1
2
χ−1nˆ2
−µnˆ+ g˜1∇φˆ · pˆi + g˜2nˆuˆii , (1)
where pˆi and nˆ = nˆ0 +
∑
G nˆG are the momentum
and number density, uˆij =
1
2 (∂iuˆj + ∂j uˆi) is the sym-
metrized linear strain tensor, µ the chemical potential,
ρ the boson average mass density, K˜ the superfluid stiff-
ness, χ the compressibility, and C˜ijk` the tensor of elastic
coefficients38,39, capturing elasticity and dynamics of the
quantum crystal. As usual, the appearance of the anti-
symmetric strain, ij∂iuj in the Hamiltonian is forbidden
by the underlying rotational invariance. The g˜-terms are
the symmetry-allowed current- and number-density cou-
plings between the elastic and superfluid components.
At the microscopic level, the n-φ sector encodes con-
densation of vacancy/interstitial defects that allows for
superfluidity to coexist with crystalline order, breaking
respective global U(1) and spatial symmetries.
The dual description of the physics is most efficiently
derived in an equivalent coherent-state path-integral for-
mulation, Z =
∫
[dpi][du][dn][dφ]eiS , with the action
S =
∫
x,t
[pi · ∂tu− n∂tφ−H[pi,u, n, φ]], (with
∫
x,t
≡∫
d2xdt, ~ = 1),
S =
∫
x,t
[
1
2
ρ(∂tu)
2 − 1
2
Cijk`uijuk` +
1
2
χ(∂tϕ)
2
−1
2
K(∇ϕ)2 − g1∂tu ·∇ϕ+ g2∂tϕ∇ · u
]
. (2)
Above we defined a shifted phase field ϕ = φ− µt, stiff-
nesses K = K˜ − ρg˜21 and Cijk` = C˜ijk` − χg˜22δijδk`, and
couplings g1 = g˜1ρ and g2 = g˜2χ. To develop physical in-
tuition for the cross terms and constrain the coefficients
g1,2, we analyze the equation of motion for ϕ,
∂tnd +∇ · jd = g2∂t∇ · u− g1∇ · ∂tu ≡ Js, (3)
where we have identified the net vacancy/interstitial de-
fect number nd = ni − nv and current density jd as
nd = −χ∂tϕ = n+ g2∇ · u, (4)
jd = K∇ϕ = j− g1∂tu, (5)
In terms of total atom number n and current den-
sity j, the equation of motion simply reduces to the
full boson continuity equation ∂tn + ∇ · j = 0. The
source term Js represents the non-conservation of vacan-
cies/interstitials. In the absense of topological lattice de-
fects (i.e. for single-valued lattice distortions, such that
∂i∂tu = ∂t∂iu), the number difference nd is conserved,
which thereby requires Js = 0, corresponding to g1 =
g2 ≡ g. In the presense of dislocations (nonzero Burgers
vector density ∇×∇ui = bi), Js is generically nonzero
and is given by the trace of the dislocation current ten-
sor J ijs = 
ikj`(∂t∂k−∂k∂t)u` = g(zˆ×v)(ibj).4,50 Eq.(3)
then dictates that dislocation climb (motion transverse
to its Burgers vector b) leads to vacancy/interstitial cre-
ation/annihilation, as dictated by microscopics.4,50
It is also enlightening to examine the phonon equation
of motion,
ρ∂2t ui − Cijk`∂juk` = g(∂t∂i − ∂i∂t)ϕ ≡ gijjjv , (6)
where jv = vnv is the current of vortices moving with
velocity v in the vacancy/interstitial condensate. This
Newton’s equation reveals that, while total momentum
pi = ρ∂tu−g∇ϕ (with the total stress Cijk`uk`+gndδij)
is conserved, the phonon momentum can change due to
3vortex motion, which causes decay of supercurrents and
imparts a force gzˆ× jv on the lattice.
To obtain a dual gauge theory description of the ef-
fective action, S, for a supersolid, it is convenient to
introduce Hubbard-Stratonovich fields n, pii, σij , and ji,
with the resulting action,
S =
∫
x,t
[
piiu˙i − 1
2
ρ¯−1pi2 +
1
2
C¯−1ijk`σ
ijσk` − σijuij − nϕ˙
− 1
2
χ¯−1n2 +
1
2
K¯−1j2 − ji∂iϕ− g¯piiji − gC−1iik`σk`n
]
,
(7)
where dots denote time derivatives, and the“barred”cou-
plings are shifted counterparts of those appearing in Eq.
(2), such that the original action is recovered when all
four Hubbard-Stratonovich fields are integrated out. To
execute the duality and obtain a physical interpretation
of these dual fields, we break up the phonon ui = u˜i+u
(s)
i
and superfluid phase ϕ = ϕ˜ + ϕ(s) into a single-valued
(u˜i, ϕ˜) and singular (u
(s)
i , ϕ
(s)) components, respectively.
Because u˜i, ϕ˜ enter the action linearly, they can be in-
tegrated out of the partition function, leading to local
constraints on total momentum (Newton’s law) and on
the total atom number conservation, giving the continu-
ity equations ∂tpi
i − ∂jσij = 0 and ∂tn + ∇ · j = 0,
consistent with the equations of motion found earlier
in Eqs. (3) and (6). While lattice momentum and
vacancy/interstitial number are not independently con-
served, they are exactly conserved for the total atom mo-
mentum and the total number of atoms (combined va-
cancy/interstitial and lattice). The corresponding total
currents are the stress σij and total atomic current j.
To solve these continuity constraints, we introduce ro-
tated field redefinitions: pii = ijBj , σ
ij = −ikj`Ek`σ ,
n = b, and ji = ijej . In terms of these fields, the con-
straints take the form of Faraday equations:
∂tB
i + jk∂
jEkiσ = 0 , ∂tb+ jk∂
jek = 0 (8)
which (as in standard electrodynamics and in basic
boson-vortex duality) can be solved by symmetric tensor
and vector gauge potentials, in terms of which the fields
take the form Bi = jk∂
jAki, Eijσ = −∂tAij − ∂i∂jA0,
b = ij∂iaj , and e
i = −∂tai−∂ia0. Plugging these forms
back into Eq. (7), we obtain the dualized action, taking
the form of a hybrid vector-tensor gauge theory,
S =
∫
x,t
[
1
2
Cˆijk`E
ijEk` − 1
2
ρ¯−1B2 +
1
2
K¯−1e2 − 1
2
χ¯−1b2
− g¯B · e− gEiib− J ijs Aij − nsA0 − jv · a− nva0
]
,
(9)
where Cˆijk` = 
isjtkn`mC¯stnm, Eij = Cˆ
−1
ijk`E
k`
σ is the
canonical conjugate to Aij , J
ij
s is the tensor disloca-
tion current described earlier, and ns = 
ikj`∂i∂ju
(s)
k` =
s + zˆ ·∇ × b is the total disclination density, sourced
by elementary disclinations s = ij∂i∂jθ
(s) (i.e. wind-
ings of the bond angle θ = 12ij∂iu
(s)
j ) and the curl of
the dislocation density, b = ij∂i∂ju
(s). The tensor
sector takes the form of the scalar charge fracton ten-
sor gauge theory, with disclinations ns acting as fracton
charges, obeying conservation of both charge and dipole
moment. Similarly, nv is the vortex number, defined by
nv = 
ij∂i∂jϕ
(s), and the vortex current density jv is
defined in Eq. (6).
We observe that on this dual gauge theory side, the
boson-elastic cross-coupling of the quantum crystal man-
ifests itself as generalized “axion” terms featuring prod-
ucts of electric and magnetic fields.44 Note that these ax-
ion terms are allowed in two spatial dimensions, instead
of the usual three, due to the presence of extra tensor
indices. In close analogy with the Witten effect43, we
expect such axion terms to lead to charge attachment,
manifesting in modified Gauss’s laws in the theory. In-
deed, by varying the action with respect to a0, we obtain
the Gauss’s law for dual electric charges (vortices) as:
∇ · e = nv − g¯∇ ·B, (10)
corresponding to attachment of magnetic flux of the dual
tensor gauge theory to the dual electric charges (vor-
tices). In the supersolid language, we have∇·B =∇×pi,
indicating that the above flux attachment corresponds to
the crystal’s angular momentum contribution to the va-
cancies/interstitials’ vorticity.
Similarly, the tensor Gauss’s law for fractons
∂i∂jE
ij = ns + gCˆ
−1
iik`∂k∂`b (11)
is modified by an inhomogeneous magnetic flux density.
Since the latter corresponds to boson density, this mod-
ified Gauss’s law encodes the fact that lattice defects
carry boson number. In more detail, the second deriva-
tive structure of the right-hand side indicates that bosons
are attached to quadrupoles of disclinations (fractons).
As we elaborate below, this feature is crucial in exclud-
ing unphysical Mott-insulating phases of bosons when
crystal defects have melted the lattice.
While the charge attachment effects are similar, these
generalized axion terms have several notable differences
from the conventional axion term of Maxwell theory,
such as the absence of topological invariance or period-
icity. Since these concepts play no role in the physical
theory of supersolids, we relegate discussion of most of
these differences to the Supplemental Material. For now,
we note the unusual symmetry properties of these terms,
which are even under both time reversal and spatial in-
version (ei → −ei, Bi → −Bi, b and Eij unchanged).
Instead, they violate particle-hole symmetry (b → −b,
Bi → −Bi, ei and Eij unchanged), which acts as an ef-
fective “time-reversal,” as encountered previously in dis-
cussions of the half-filled Landau level.45–47 This is con-
sistent with the fact that the particle-hole symmetry of a
4FIG. 2: A disclination quadrupole, constructed as a bound
state of two equal and opposite dislocations with Burgers
vectors b and −b, carries a unit of vacancy number, as can
be seen by the deficiency of a single atom in the middle of
the configuration.
commensurate crystal is generically spontaneously bro-
ken in a supersolid via condensation of vacancies or in-
terstitials. As such, there is no symmetry consideration
which forces g to take a particular quantized value. In-
stead, g takes a nonuniversal value which is determined
by the microscopic condition that a bound state of two
equal and opposite dislocations separated by a single lat-
tice site carries one unit of vacancy number (Fig.2).
Fracton phases and quantum transitions. In the pre-
vious section, we established a dual vector-tensor U(1)
gauge theory of a supersolid, with the two sectors cou-
pled by axion-like terms. We can explicitly account for
the quantum dynamics of the dual matter fields (vortices
of the condensate, and disclinations and dislocations of
the quantum crystal) in terms of a coupled vector-tensor
dual “superconductor,” with the action S = SMax + Sc,
where SMax is the Maxwell piece of the action for both
vector and tensor sectors, and:
Sc =
∫
x,t
[
µb− gB · e− gEiib− cos( ˙˜φ− a0)− cos( ˙˜θ −A0)
+ η cos(∇φ˜− a) + η′
∑
n
cos(αij(n)(∂i∂j θ˜ −Aij))
]
,
(12)
where dots denote time derivatives and α
(n)
ij = a
2b
(n)
i b
(n)
j
encodes the glide-only constraint of dislocations (with
lattice constant a). The model exhibits a variety of quan-
tum phases with distinct patterns of dual matter (topo-
logical defect) condensation. The Coulomb phase of the
tensor gauge sector (corresponding to crystalline order,
i.e., a vacuum of disclinations and dislocations) displays
two qualitatively distinct fractonic quantum states.
(i) One Coulomb phase of the tensor gauge theory is
a U(1) symmetric fracton state, FU(1), that is in the
Higgs phase of the vector gauge theory, correspond-
ing to condensed vortices, describing a commensurate
Mott-insulating crystal. In this phase, the gapped vec-
tor gauge field a can be safely integrated out, leading
to a gapless tensor-only gauge theory in its Coulomb
phase, previously derived in Ref. 4. It exhibits immo-
bile fracton charges (disclinations) and subdimensional
fracton dipoles, p = zˆ × b (dislocations). These frac-
FIG. 3: a) Fracton motion is forbidden as it requires emission
of a conserved dipole. b) Longitudinal dipole motion (dislo-
cation climb) is forbidden as it requires emission of a linear
quadrupole carrying conserved vacancy/interstitial number,
corresponding to local compression of the crystal, i.e., a va-
cancy defect. c) Transverse dipole motion (dislocation glide)
is allowed as it creates a square quadrupole, corresponding
to local shear.
tonic mobility restrictions can be understood in terms of
conservation laws, which include conservation of fracton
charge (
∫
x
ns = constant) and dipole moment (
∫
x
nsx =
constant), as well as enrichment by the global U(1) sym-
metry of atom number conservation. The latter is en-
coded in the relation between diagonal components of
the fracton quadrupole Eij and the vacancy/interstitial
density: ∫
x
nsx
2 − 2nd = constant. (13)
The dipoles can freely move transversely to p (dislo-
cation glide), which corresponds to creation of square
fracton quadrupoles Exy (see Fig. 3), that are not con-
served. However, a dipole’s motion along p (dislocation
climb, transverse to the Burgers vector b) generates lin-
ear quadrupoles, Eii, that corresponds to creation of va-
cancies/interstitials, and is thus forbidden by the global
U(1) symmetry enforcing atom number conservation.
Thus, the subdimensional character of dipoles inside the
FU(1) fracton state is U(1) symmetry-protected. This
provides a concrete example of a symmetry-enriched
fracton phase, in which the mobility constraints become
more restrictive in the presence of a global symmetry.
(ii) The other Coulomb phase of the tensor gauge
theory is a U(1) symmetry-broken fracton state, F ,
that is in the Coulomb phase of the vector gauge the-
ory, corresponding to gapped vortices (condensed vacan-
cies/interstitials), describing a supersolid. This super-
solid fracton Coulomb phase is characterized by coupled
gapless vector, a, and tensor, Aij , gauge fields, with
the action given in Eq.(9). It exhibits immobile frac-
ton charges (disclinations), but unlike FU(1), inside F
the breaking of U(1) symmetry liberates dipoles, p (dis-
locations) to be fully mobile. The FU(1)-F transition be-
tween these two fracton phases is thus driven by global
U(1) symmetry breaking or equivalently by a Coulomb-
to-Higgs phase transition in the associated vector gauge
theory sector.
In addition to the FU(1) and F fracton phases – the
Coulomb (crystalline) phases of the tensor gauge theory
sector – the model (12) also admits several non-fractonic
5states associated with the complementary Higgs phase of
the tensor gauge theory sector. These are driven by con-
densation of dual matter such as dipoles (dislocations)
and fractons (disclinations), corresponding to various
“superconductor” phases of the tensor gauge theory. The
dipole superconductor, SCd, is dual to a super-hexatic
phase, while a fracton superconductor, SCf , corresponds
to the ordinary dual description of a superfluid.38,39,53–58
The presence of condensates in these tensor supercon-
ductors mobilizes the charges, precluding“fracton order.”
A schematic phase diagram is depicted in Figure 1.
Furthermore, as illustrated in Fig.(2), a pair of equal
and opposite dislocations a lattice constant apart, is
equivalent to an atom vacancy (or, in reverse configu-
ration, an interstitial) and thereby carries an atom num-
ber “charge.” Formally, the Hamiltonian thus admits an
operator bˆ†bbˆ
†
−baˆ + h.c., where two dislocations annihi-
late into a vacancy and vice versa. A condensation of b’s
therefore clearly requires atomic off-diagonal-long-range
order. Thus, at zero temperature these non-fractonic
hexatic and isotropic fluid phases of condensed dislo-
cations and disclinations are guaranteed to be super-
fluid. The lack of crystalline order precludes commen-
suration necessary for a Mott-insulator phase of vacan-
cies/interstitials and for the associated vortex conden-
sation. On the dual side, this guarantees that the non-
fractonic Higgs phases of the tensor gauge theory sec-
tor necessarily break U(1) symmetry, and must be in
the Coulomb phase of the vector gauge theory. This in-
terplay between crystalline and U(1) symmetries is the
same as that observed in the context of deconfined quan-
tum critical points between phases with different symme-
try breaking (such as the Ne´el-VBS transition), in which
defects of one ordered state carry the quantum number
of the other order parameter, allowing for a direct phase
transition outside the Landau-Ginzburg framework.48,49
Similar charge attachment to lattice defects has also been
observed in the context of melting transitions in quan-
tum Hall phases.59
Conclusions. In this work, we have derived a dual hy-
brid vector-tensor gauge theory formulation of a quan-
tum crystal, that accounts for dynamics of atomic vacan-
cies and interstitials. This duality combines the newly
established fracton-elasticity duality4 with conventional
particle-vortex duality1–3 into one “mother” duality, fea-
turing both vector and tensor gauge fields, coupled by
“mutual” axion terms and exhibiting an associated gen-
eralized Witten effect. We thereby establish the exis-
tence of two qualitatively distinct fracton phases, corre-
sponding to a commensurate and incommensurate (su-
persolid) crystals, distinguished by U(1) symmetric and
broken states of atom number symmetry, with the phases
exhibiting fracton charges and, respectively, subdimen-
sional and fully mobile dipoles. A condensation of frac-
ton dipoles provides a gauge dual description of phase
transition into a superhexatic, and vortex condensation
restores U(1) symmetry, confining dipoles to be subdi-
mensional, and thereby drives a transition between F
and FU(1) fracton phases. We leave further exploration
of these and related phases to future studies.
Note: As this manuscript was being completed, we
became aware of a related paper by A. Kumar and A. C.
Potter, which performs complementary work on a similar
topic.60
Acknowledgments
We gratefully acknowledge useful conversations with
Mike Hermele, Matthew Fisher, Andrew Potter, Ajesh
Kumar, T. Senthil, Shriya Pai, Brian Swingle, Rahul
Nandkishore, Yizhi You, Abhinav Prem, Yang-Zhi Chou,
and Han Ma. This work was supported by a Simons in-
vestigator award to Leo Radzihovsky. MP is also sup-
ported by the NSF grant 1734006 and by the Founda-
tional Questions Institute (fqxi.org; grant no. FQXi-
RFP-1617) through their fund at the Silicon Valley Com-
munity Foundation.
1 P. O. Thomas and M. Stone, Nucl. Phys. B144, 513 (1978).
2 C. Dasgupta and B. I. Halperin, Phase transition in a lat-
tice model of superconductivity. Phys. Rev. Lett. 47, 1556
(1981)
3 M. P. A. Fisher and D. H. Lee, Correspondence between
two-dimensional bosons and a bulk superconductor in a
magnetic field. Phys. Rev. B 39, 2756 (1989)
4 M. Pretko and L. Radzihovsky, Fracton-elasticity duality.
Phys. Rev. Lett. 120, 195301 (2018), arXiv:1711.11044
5 R. M. Nandkishore and M. Hermele, Fractons.
arXiv:1803.11196 (2018)
6 C. Chamon, Quantum glassiness in strongly correlated
clean systems: An example of topological overprotec-
tion. Phys. Rev. Lett. 94 040402 (2005), arXiv:cond-
mat/0404182v2
7 J. Haah, Local stabilizer codes in three dimensions without
string logical operators. Phys. Rev. A 83, 042330 (2011),
arXiv:1101.1962v2
8 S. Vijay, J. Haah, L. Fu, A new kind of topological quantum
order: A dimensional hierarchy of quasiparticles built from
stationary excitations. Phys. Rev. B 92, 235136 (2015),
arXiv:1505.02576
9 S. Vijay, J. Haah, L. Fu, Fracton topological order, gen-
eralized lattice gauge theory and duality. Phys. Rev. B 94,
235157 (2016), arXiv:1603.04442
10 M. Pretko, Subdimensional particle structure of higher
rank U(1) spin liquids. Phys. Rev. B 95, 115139 (2017),
arXiv:1604.05329v3
11 M. Pretko, Generalized electromagnetism of subdimen-
sional particles. Phys. Rev. B 96, 035119 (2017),
arXiv:1606.08857v2
12 H. Ma, M. Hermele, and X. Chen, Fracton topological or-
6der from Higgs and partial confinement mechanisms of
rank-two gauge theory. arXiv:1802.10108 (2018)
13 D. Bulmash and M. Barkeshli, The Higgs mechanism in
higher-rank symmetric U(1) gauge theories. Phys. Rev. B
97, 235112 (2018), arXiv:1802.10099v2
14 K. Slagle and Y. B. Kim, Quantum field theory of X-cube
fracton topological order and robust degeneracy from geom-
etry. Phys. Rev. B 96, 195139 (2017), arXiv:1708.04619v3
15 W. Shirley, K. Slagle, Z. Wang, and X. Chen,
Fracton models on general three-dimensional manifolds.
arXiv:1712.05892 (2017)
16 M. Pretko, Emergent gravity of fractons: Mach’s
principle revisited. Phys. Rev. D 96, 024051 (2017),
arXiv:1702.07613v3
17 H. Yan, Fracton topological order and holography.
arXiv:1807.05942 (2018)
18 A. Prem, J. Haah, R. Nandkishore, Glassy quantum dy-
namics in translation invariant fracton models. Phys. Rev.
B 95, 155133 (2017), arXiv:1702.02952
19 S. Pai, M. Pretko, and R. M. Nandkishore, Localization in
fractonic random circuits. arXiv:1807.09776 (2018)
20 H. Ma and M. Pretko, Higher Rank deconfined
quantum criticality and the exciton Bose condensate.
arXiv:1803.04980 (2018)
21 H. Ma, E. Lake, X. Chen, M. Hermele, Fracton topological
order via coupled layers. Phys. Rev. B 95, 245126 (2017),
arXiv:1701.00747v2
22 S. Vijay, Isotropic layer construction and phase diagram
for fracton topological phases. arXiv:1701.00762 (2017)
23 H. Ma, A. T. Schmitz, S. A. Parameswaran, M. Hermele,
and R. M. Nandkishore, Topological entanglement entropy
of fracton stabilizer codes. Phys. Rev. B 97, 125101 (2018),
arXiv:1710.01744v3
24 A. T. Schmitz, H. Ma, R. M. Nandkishore, and S.
A. Parameswaran, Recoverable information and emergent
conservation laws in fracton stabilizer codes. Phys. Rev. B
97, 134426 (2018), arXiv:1712.02375v3
25 T. Devakul, Y. You, F. J. Burnell, and S. L. Sondhi, Frac-
tal symmetric phases of matter. arXiv:1805.04097 (2018)
26 M. Y. Gutkin, I. A. Ovid’ko, and N. V. Skiba, Transforma-
tions of grain boundaries due to disclination motion and
emission of dislocation pair. Materials Science and Engi-
neering: A, 339 73 (2003)
27 R. C. Desai and R. Kapral, Dynamics of self-organized
and self-assembled structures. Cambridge University Press
(2009)
28 C. Fressengeas, V. Taupin, and L. Capolungo, An elasto-
plastic theory of dislocation and disclination fields. Inter-
national Journal of Solids and Structures 48 25 3499 (2011)
29 H. Altenbach, S. Frost, and A. Krivtsov, Generalized con-
tinua as models for materials: with multi-scale effects or
under multi-field actions. Springer (2013)
30 A. Gromov, Fractional topological elasticity and fracton
order. arXiv:1712.06600 (2017)
31 S. Pai and M. Pretko, Fractonic line excitations: An in-
road from 3d elasticity theory. Phys. Rev. B 97, 235102
(2018), arXiv:1804.01536
32 A. J. Beekman et al., Dual gauge field theory of quantum
liquid crystals in two dimensions. Physics Reports 683:1-
110 (2017), arXiv:1603.04254v2
33 A. J. Beekman et al., Dual gauge field theory of quan-
tum liquid crystals in three dimensions. Phys. Rev. B 96,
165115 (2017), arXiv:1703.03157
34 A. F. Andreev and I. M. Lifshitz, Quantum theory of de-
fects in crystals. Sov. Phys. JETP 29, 1107 (1969)
35 E. Kim and M. H. W. Chan, Probable observation of a
supersolid helium phase. Nature 427, 225 (2004)
36 J.-R. Li et al., A stripe phase with supersolid properties in
spin-orbit-coupled Bose-Einstein condensates. Nature 543,
91 (2017), arXiv:1610.08194v2
37 D. T. Son, Effective Lagrangian and topological interac-
tions in supersolids. Phys. Rev. Lett. 94 (2005) 175301,
arXiv:cond-mat/0501658v2
38 P. M. Chaikin and T. C. Lubensky, Principles of Con-
densed Matter Physics. Cambridge University Press (2000)
39 L. D. Landau and L. P. Pitaevskii, Theory of Elasticity.
Course of Theoretical Physics: Volume 7. 3rd Edition.
Butterworth-Heinemann (1986)
40 E. H. Lieb, T. D. Schultz, and D. C. Mattis, Two soluble
models of an antiferromagnetic chain. Ann. Phys. 16, 407
(1961)
41 M. B. Hastings, Lieb-Schultz-Mattis in higher dimen-
sions. Phys. Rev. B 69 104431 (2004), arXiv:cond-
mat/0305505v6
42 M. Oshikawa, Commensurability, excitation gap, and
topology in quantum many-particle systems on a periodic
lattice. Phys. Rev. Lett. 84, 1535 (2000), arXiv:cond-
mat/9911137
43 E. Witten, Dyons of charge eθ/2pi. Phys. Lett. B 86, 3-4
(1979)
44 F. Wilczek, Two applications of axion electrodynamics.
Phys. Rev. Lett. 58, 1799 (1987)
45 D. T. Son, Is the composite fermion a Dirac particle?
Phys. Rev. X 5, 031027 (2015), arXiv:1502.03446v3
46 C. Wang and T. Senthil, Composite fermi liquids in the
lowest Landau level. Phys. Rev. B 94, 245107 (2016),
arXiv:1604.06807v2
47 C. Wang and T. Senthil, Dual Dirac liquid on the sur-
face of the electron topological insulator. Phys. Rev. X 5,
041031 (2015), arXiv:1505.05141v2
48 T. Senthil, A. Vishwanath, L. Balents, S. Sachdev, and M.
P. A. Fisher, “Deconfined” quantum critical points. Science
303, 1490 (2004), arXiv:cond-mat/0311326
49 T. Senthil, L. Balents, S. Sachdev, A. Vishwanath, and M.
P. A. Fisher, Deconfined criticality critically defined. Jour-
nal of the Physics Society of Japan, 74 Suppl. 1 (2005),
arXiv:cond-mat/0404718v2
50 M. C. Marchetti and L. Radzihovsky, Interstitials, va-
cancies and dislocations in flux-line lattices: A theory of
vortex crystals, supersolids and liquids. Phys. Rev. B 59,
12001 (1999), arXiv:cond-mat/9811193v2
51 K. Slagle, A. Prem, and M. Pretko, Symmetric tensor
gauge theories on curved space. arXiv:1807.00827 (2018)
52 Z. Zhai, M. Pretko, and L. Radzihovsky, Forthcoming.
53 V. L. Berezinskii, Destruction of long-range order in one-
dimensional and two-dimensional systems having a con-
tinuous symmetry group: I. Classical systems. Sov. Phys.
JETP, 32 3: 493 (1971)
54 V. L. Berezinskii, Destruction of long-range order in one-
dimensional and two-dimensional systems having a con-
tinuous symmetry group: II. Quantum systems. Sov. Phys.
JETP, 34 3: 610 (1972)
55 J. M. Kosterlitz and D. J. Thouless, Ordering, metasta-
bility, and phase transitions in two-dimensional systems.
Journal of Physics C: Solid State Physics, 6 7: 1181 (1973)
56 B. I. Halperin and D. R. Nelson, Theory of two-
dimensional melting. Phys. Rev. Lett. 41, 121 (1978)
57 D. R. Nelson and B. I. Halperin, Dislocation-mediated
7melting in two dimensions. Phys. Rev. B 19, 2457 (1979)
58 A. P. Young, Melting and the vector Coulomb gas in two
dimensions. Phys. Rev. B 19, 1855 (1979)
59 G. Y. Cho, O. Parrikar, Y. You, R. G. Leigh, and T. L.
Hughes, Condensation of lattice defects and melting tran-
sitions in quantum Hall phases. Phys. Rev. B., 91, 035122
(2015), arXiv:1407.5637v2
60 A. Kumar and A. C. Potter, Symmetry enforced frac-
tonicity and 2d quantum crystal melting. arXiv:1808.05621
(2018)
Supplemental Material for “Symmetry Enriched Fracton Phases from
Supersolid Duality”
Michael Pretko and Leo Radzihovsky
Department of Physics and Center for Theory of Quantum Matter
University of Colorado, Boulder, CO 80309
January 11, 2019
Appendix: Properties of the Generalized Axion Terms
In the main text, we showed that a supersolid has a gauge dual description given by the following hybrid vector-
tensor gauge theory:
S = SMax + Ssource + Sg (1)
where:
SMax =
∫
x,t
[
1
2
Cˆijk`E
ijEk` − 1
2
ρ¯−1B2 +
1
2
K¯−1e2 − 1
2
χ¯−1b2
]
(2)
is the Maxwell sector of the two gauge theories and
Ssource =
∫
x,t
[
− J ijs Aij − nsA0 − jv · a− nva0
]
(3)
provides the source terms. Such terms are to be expected. The more intriguing aspect of this dual gauge theory is
the presence of generalized axion terms, given by:
Sg =
∫
x,t
[
− g¯B · e− gEiib
]
(4)
which creates nontrivial interplay between the electric and magnetic sectors of the theory. This portion of the
action has a strong similarity the conventional ~E · ~B axion terms of ordinary U(1) gauge theories, and indeed they
share some properties. However, in this Appendix, we discuss some of the notable differences between the present
action and conventional axion physics.
The most important similarity between the generalized axion terms and more conventional ones lies in the
physics of charge attachment. As discussed in the main text, the primary physical effect of the axion piece of the
action is to create a generalized Witten effect by modifying the Gauss’s laws of the theory:
∂ie
i = nv − g¯∂iBi (5)
∂i∂jE
ij = ns + gCˆ
−1
iik`∂k∂`b (6)
In supersolid language, the first equation indicates that the vortices of the vacancy/interstitial condensate carry
lattice angular momentum of the elastic sector. Meanwhile, the second equation tells us that the topological lattice
defects (i.e. disclinations and dislocations) carry nontrivial vacancy number of the underlying atoms. This charge
attachment has important consequences for the physics of quantum phases of bosons, such as ruling out trivial
gapped phases, in accordance with the Lieb-Schultz-Mattis theorem.
While the corresponding Witten effects are similar, there are also many notable differences between the gener-
alized axion terms and more conventional ones. Importantly, the action of symmetries on this vector-tensor gauge
theory are somewhat unusual. Under time reversal, the physical fields transform as follows:
ei → −ei Bi → −Bi
Eij → Eij b→ b (7)
1
ar
X
iv
:1
80
8.
05
61
6v
2 
 [c
on
d-
ma
t.s
tr-
el]
  1
0 J
an
 20
19
As such, the axion terms are even under time reversal, which therefore does not constrain the value of g. This is
in contrast with the conventional axion θ parameter, for which time reversal symmetry dictates that θ = 0 or pi,
since θ → −θ under time reversal and θ is a 2pi-periodic variable.
While symmetric under time reversal, the axion action fails to be invariant under particle-hole symmetry, which
has the following action:
ei → ei Bi → −Bi
Eij → Eij b→ −b (8)
We therefore see that particle-hole symmetry acts as an effective time reversal, as seen in earlier treatments of
boson-vortex duality. The failure of the axion terms to be invariant under this symmetry reflects the fact that the
particle-hole symmetry of a commensurate crystal is spontaneously broken in a supersolid. Since the supersolid is
not particle-hole symmetric, there is once again no constraint on the value of g. As discussed in the main text,
the value of g is determined by the microscopics by the fact that the minimal quadrupole (i.e. two dislocations
separated by one lattice spacing) should carry a single unit of vacancy charge. Of course, this notion relies on
having a smallest fundamental Burgers vector in the theory, which amounts to dipole moment being quantized.
Such quantization arises due to the compactness of the underlying microscopic variables. For example, if atoms are
shifted by a Bravais lattice vector, one can recover the original lattice of the system (appropriately accounting for
the change in boson number at each site). This further demonstrates the point that the value of g is determined
by non-universal microscopic data, as opposed to being quantized to some universal value.
Another important feature of the generalized axion terms is absence of periodicity of the action with respect
to g. For an ordinary axion term, characterized by its θ angle, the action is invariant under θ → θ + 2pi. In the
supersolid, however, there is no such invariance. For an ordinary axion term, this periodicity can be understood
directly in the language of charge attachment. When θ is a multiple of 2pi, an integer amount of electric charge has
been attached to a magnetic monopole. At this point, one can simply bind an appropriate number of electrons (or
holes) to the monopole to undo the charge attachment and recover the original system. Crucially, however, this
relies on the existence of having “bare” charges in the system in addition to the dyons (electric-magnetic bound
states) governed by the Witten effect. In a system made up of ordinary electrons, bare electrons are always part of
the Hilbert space. In the present context, however, there is no such thing as a “bare” vacancy or “bare” topological
lattice defects. Rather these objects are fundamentally tied together. As such, there is no binding procedure which
can undo the charge attachment effected by the axion term. Therefore, the system is not periodic as a function of
the parameter g.
Finally, we note that there is no reason to expect that the generalized axion terms are topologically invariant.
Ordinary axion terms are completely insensitive to the metric of spacetime, just like the action for topological
phases of matter. Fracton phases, however, are more sensitive to geometry than more conventional systems. For
example, gapped fracton systems can have extra ground state degeneracy induced by curvature [1], and the higher
rank tensor gauge theories may have their higher moment conservation laws weakly violated on curved spaces [2].
The present model is no exception. In contracting indices, we have always implicitly made use of the flat space
metric, and we do not have any of the special properties of ordinary axion terms (such as a relationship with
Chern-Simons theory) which would give a path to metric-independence. There is therefore no indication of any
topological invariance associated with the generalized axion terms.
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